Gravitational-wave observations in the near future may allow us to measure tidal deformabilities of neutron stars, which leads us to the understanding of physics at nuclear density. In principle, the gravitational waveform depends on various tidal parameters, which correlate strongly. Therefore, it would be useful if one can express such tidal parameters with a single parameter. Here, we report on universal relations among various -th (dimensionless) electric, magnetic and shape tidal deformabilities in neutron stars and quark stars that do not depend sensitively on the equation of state. Such relations allow us to break the degeneracy among the tidal parameters. In this paper, we focus on gravitational waves from non-spinning neutron-star binary inspirals. We first derive the leading contribution of the -th electric and = 2 magnetic tidal deformabilities to the gravitational-wave phase, which enters at 2 + 1 and 6 post-Newtonian orders relative to the leading Newtonian one respectively. We then calculate the useful number of gravitational-wave cycles and show that not only the = 2 but also = 3 electric tidal deformabilities are important for parameter estimation with third-generation gravitational-wave detectors such as LIGO III and Einstein Telescope. Although the correlation between the = 2 and = 3 electric tidal deformabilities deteriorate the measurement accuracy of the former deformability parameter, one can increase its measurement accuracy significantly by using the universal relation. We provide a fitting formula for the LIGO III noise curve in the Appendix.
I. INTRODUCTION Background
The history of Newtonian tides goes back to 1911. The theory of Newtonian tides was established by Love [1] who introduced two tidal parameters, the first and second apsidal constants (or tidal Love numbers). The former measures a dimensionless ratio between the -th multipolar deformation of a star and the -th multipolar external tidal potential, while the latter refers to a dimensionless ratio between the -th induced multipole moment and the the -th multipolar external tidal potential.
A relativistic theory of Love numbers was formalized by two independent groups [2, 3] . In the relativistic context, three types of Love numbers exist, the shape, electric and magnetic. The shape and electric tidal Love numbers correspond to the first and second Love numbers in the Newtonian limit respectively, while Newtonian analogue does not exist for the magnetic tidal Love numbers. The authors of Ref. [2, 3] restricted themselves to nondynamical tides, while the formalism has been extended to include dynamic tides in [4] [5] [6] [7] using either the post-Newtonian (PN) affine framework [8, 9] or effective field theory approach [10, 11] .
Tidal Love numbers, or tidal deformabilities to be more precise, enter in the phase of gravitational waves (GWs) from neutron-star (NS) binary inspirals, and hence future observations may reveal fundamental properties in nuclear physics. Such inspirals are one of the most * kyagi@physics.montana.edu promising sources for second-generation GW interferometers such as Adv. LIGO [12] , Adv. VIRGO [13] and KAGRA [14] . The leading finite-size effect in the GW phase enters at 5PN order relative to the Newtonian one and comes from the = 2 electric tidal deformability. The = 2 electric tidal Love number of NSs was first calculated by Hinderer [15] , whereas the one for quark stars (QSs) was calculated e.g. in [16, 17] . Flanagan and Hinderer [18] showed that the tidal deformability can be measured by Adv. LIGO, and much work followed [16, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . The systematic errors on tidal parameters with GW observations due to mis-modeling of the waveform template are discussed in [34, 35] . The effect of higher order electric tidal deformabilities in GW phase is discussed in [16, 18, 25] , while the effect of the = 2 magnetic tidal deformability on NS stability was calculated in [36] . The shape Love number was used to investigate the possibility of resonant shattering of the NS crust [37] . Specifically, the authors in [25] recommend to include such higher order contribution into model parameters when carrying out GW data analysis and give a possible way to decrease the number of tidal parameters. We investigate this possibility further by using the universal relations among the tidal deformabilities that do not depend strongly on the NS internal structures.
Universal relations among the NS and QS observables have been investigated by many authors. Universal relations among NS oscillation modes have been investigated deeply in [38] [39] [40] [41] [42] [43] . Bejger and Haensel [44] and Lattimer and Schutz [45] found a universal relation between the rescaled moment of inertia and the compactness. Such relation helps in measuring the moment of inertia using double pulsar binary J0737-3039 [46] [47] [48] [49] . Extending these, Urbanec et al. [50] found a universal relation between the rescaled quadrupole moment and the compactness. Several authors report on the EoS-independent relation between the cutoff frequency of GWs from NS binaries and compactness [20, 21] .
Recently, the author and Yunes [51, 52] found yet another relations between the (dimensionless) = 2 electric tidal deformability, moment of inertia and quadrupole moment of NSs and QSs that do not depend sensitively on the internal structure of the stars. Such I-Love-Q relations have several applications. On the astrophysical front, one measurement of the I-Love-Q trio would automatically determine the other two. On the GW physics front, the universal relations help to break the degeneracy between spins and other parameters. On the fundamental physics front, the independent measurement of any two of the trio allows us to perform a model-independent and equation of state (EoS)-independent test of general relativity (GR).
Such universal relations have been confirmed by followup studies such as [53] [54] [55] [56] . Maselli et al. [54] adopted the PN affine framework to study the relations under dynamical tidal perturbations and found that the universality is still preserved to within 10% accuracy for NS binary inspirals with GW frequencies f 900 Hz. Haskell et al. [55] investigated the effect of magnetic fields and found that the universality holds unless the star has rather large magnetic fields ( 10 12 G) and a rather long period ( 10 s). Doneva et al. [56] looked at the I-Q relations for rapidly-rotating NSs and QSs. They found that the relations deviate away from those of slowly-rotating NSs and QSs, but if one fixes the NS spin frequency, the relations still only depend weakly on the modern realistic EoS, as qualitatively expected and discussed in [52] . They also found that the EoS-dependence becomes larger as one increases the NS spin frequeny. They confirmed that one can still apply the universal relations found for slowlyrotating NSs if they spin slower than a few hundred Hz. Baubock et al. [57] used the I-Q relation, together with universal relations among the NS spin angular momentum, ellipticity and compactness, and showed that such relations help to extract parameters from the NS emission lines.
Executive Summary
Here, we give a brief summary of our results. First, following [2] , we calculate the = 2, 3, 4 electric, = 2 magnetic and = 2, 3, 4 shape tidal deformabilities of NSs and QSs. We then show new universal relations for NSs and QSs, similar to the I-Love-Q ones, among such tidal deformabilities. The relation between the = 2 and = 3 dimensionless electric tidal deformabilities (λ ) is shown in the top panel of Fig. 1 for various EoSs. Similar relations hold amongλ and the = 2 magnetic tidal deformability. The single parameter along the curves is the mass or compactness. Notice how each curve lies on top of each other. In the bottom panel, we show the fractional difference between numerical and fitted values. One sees that the universality holds within O(10)% accuracy, which is not as universal as the I-Love-Q relations [51, 52] , where the latter hold to O(1)%. We also find universal relations among the = 2, 3 and 4 shape deformabilities.
Such new relations have similar applications to the ILove-Q ones [51, 52] . Especially, such relations help to reduce the number of finite-size effect parameters in the GW phase for a binary NS inspiral. In fact, the relations suggest that one can express finite-size effects with a single parameter, the = 2 electric tidal deformability. We derive that the leading contribution of the -th ( ≥ 2) electric and magnetic tidal deformabilities to the GW phase enters at 2 +1 and 3 PN orders, respectively, relative to the leading Newtonian one. We then calculate the useful number of GW cycles [58] and show that both = 2 and = 3 electric tidal deformabilities may affect GW parameter estimation for third-generation GW detectors such as LIGO III [59] and Einstein Telescope (ET) [60, 61] .
We further investigate the effect of the universal relations on the GW physics. We calculate statistical errors on the averaged (among the two binary constituents) = 2 electric tidal deformabilityλ 2,s using a Fisher analysis [62] , assuming that we detect GW signals from a nonspinning NS binary inspirals. For an equal-mass binary, Fig. 1 ) with the SLy and Shen EoSs. We assume that one detects a GW signal from a non-spinning, equal-mass NS/NS binary at 100Mpc.λ2,s reduces toλ2 of each body for an equal-mass binary. By using the relation, one can remove the = 3 averaged dimensionless electric tidal deformabilityλ3,s from the model tidal parameters. Observe that one can reduce statistical errors by a factor of 5 if one uses the universal relation. Notice also that the systematic errors due to the fitting are much smaller than the statistical errors, which validates the use of the fitting function of the universal relation to reduce the number of parameters. λ 2,s is identical toλ 2 of each body. Figure 2 presents the statistical errors onλ 2,s against each NS mass for an equal-mass NS/NS binary with LIGO III (left) and ET (right) with the SLy and Shen EoSs. We take bothλ 2,s andλ 3,s into account, and show the statistical errors with and without using the universal λ 3,s -λ 2,s relation (which is the same as theλ 3 -λ 2 relation shown in Fig. 1 ). If one does not use the universal relation, one has a large statistical error due to a strong correlation between these two tidal parameters. However, once one uses the universal relation, one can reduce the statistical error to the level where one only includes λ 2,s . This is because the relation breaks the degeneracy betweenλ 2,s andλ 3,s as such relation allows us to expressλ 3,s in terms ofλ 2,s . One sees that one can reduce the statistical error by a factor of 5 if one uses the universal relation. One also sees that the systematic errors due to the uncertainty in the EoS of the universal relation shown in the bottom panel of Fig. 1 are smaller than the statistical errors as shown in Fig. 2 , which validates our use of universal relation.
Organization and Conventions
The organization of this paper is as follows. In Sec. II, we define three different types of tidal Love numbers and deformabilities. In Sec. III, we follow [2] and calculate such tidal parameters for NSs and QSs, by first constructing the spherically-symmetric NSs and QSs, and then consider small tidal perturbations. In Sec. IV, we show universal relations, give fitting functions and perform an analytic analysis in the Newtonian limit. In Sec. V, we explain how such relations bring about benefits to GW physics. We first show how the tidal parameters would enter in the GW phase of the compact binary inspiral. We then calculate the useful number of GW cycles of each finite-size terms in the GW phase for Adv. LIGO, LIGO III and ET. Furthermore, we perform a Fisher analysis and estimate statistical errors on the tidal parameter with and without using the universal relation. We conclude in Sec. VI and explain possible avenues for future work. In App. A, we show a derivation of the finite-size effect phase terms due to the -th electric and = 2 magnetic tidal deformabilities. In App. B, we explicitly show some of the point-particle and finite-size effect terms in the GW phase. In App. C, we construct a fitting formula for the LIGO III noise curve.
All throughout the paper, we follow mostly the conventions of Misner, Thorne and Wheeler [63] . We use the Greek letters (α, β, · · · ) to denote spacetime indices, while we use the Roman letters (a, b, · · · ) to denote the space indices. The metric, and especially the flat one, are denoted by g µν and η µν respectively, and they have signatures (−, +, +, +). We use the notation A L ≡ A a1a2···a to denote symmetric trace-free (STF) tensors [64] with indices. We use the geometric units of G = 1 = c.
II. TIDAL LOVE NUMBERS AND DEFORMABILITIES
In this section, we define various kinds of relativistic tidal Love numbers and deformabilities of non-rotating bodies [2, 3] , which play the central role in this paper. We follow [2] and work in the spherical coordinates, while Ref. [3] works in the light-cone coordinates 1 .
A. Electric and Magnetic
First, let us define the electric and magnetic tidal parameters. One can calculate the effect of internal structures of bodies on their motion and radiation from the system by solving the outer and inner problems and perform matching. The former requires solving the field equations in which the bodies are characterized by multipole moments, and one adopts a global weak-field expansion of the metric as g µν (x) = η µν + h µν (x) with the global coordinates x µ . On the other hand, the latter takes into account the effect of other bodies on each body [65] with the metric expanded as (0) µν (X A ) is the metric for an isolated body A in local inner coordinates X µ A while H A µν (X A ) refers to a perturbation due to other bodies. We restrict ourselves to stationary fields throughout this paper.
The local gravito-electric and gravito-magnetic fields E A a and B A a are defined by [66- 
where the potentials W A and W A a are defined through the metric G A µν via
From the externally-generated parts of the fieldsĒ 
Next, we define the internally-generated mass and current multipole moments of the A-th body, M A L and S A L , which scale as R −( +1) at spatial infinity. Such multipole moments are defined through the internally-generated part of the potentials W +A and W
1 Ref. [3] also shows that the tidal deformabilities are gauge invariant. 2 For a tidal perturbation around a flat spacetime, tidal moments are related to the Weyl tensor [3] .
modulo a gauge transformation [2] . Notice that for non-rotating bodies, M A L and S A L correspond to tidallyinduced multipole moments.
Having the above quantities at hand, we define theth electric and magnetic tidal deformabilities λ and σ
We also define the dimensionless -th electric and magnetic tidal deformabilitiesλ andσ by appropriately normalizing λ and σ by the mass of a star M * as
One can define the -th relativistic electric and magnetic tidal Love numbers k and j as [2] k
where C is the compactness of the star defined by C ≡ M * /R * with R * denoting the radius of the star. k corresponds to the second apsidal constant in the Newtonian limit while there is no analogue for j in such limit.
B. Shape
Next, we move onto defining the shape tidal parameters [2] . First, we decompose the external disturbing potential U (r, θ) as
where P (x) denotes a Legendre polynomial. Then, one can define the shape Love number h as [2] 
where δR /R * denotes the -th fractional deformation of the surface of the star. Similar to the relation betweenλ and k , we define the dimensionless shape tidal deformabilityη asη
h corresponds to the first apsidal constant in the Newtonian limit.
III. TIDALLY-DEFORMED COMPACT STARS AND TIDAL DEFORMABILITIES
In this section, we explain how one can construct a tidally-deformed NS solution 4 to calculate the tidal deformabilities. We explain the construction of an isolated, non-spinning NS as a background in Sec. III A and then perturb this solution to obtain various tidal deformabilities in Sec. III B. We follow [2] and calculate the = 2, 3, 4 electric, = 2 magnetic and = 2, 3, 4 shape dimensionless tidal deformabilities.
A. Background
We begin by constructing a spherically symmetric, isolated non-spinning NS solution. We impose the metric ansatz as [70] 
The matter stress-energy tensor T µν is given by
where p and ρ are the NS pressure and energy density, respectively, and u µ is the fluid four-velocity given by
Here, u 0 is obtained from the normalization condition u µ u µ = −1. One substitute the above ansatz to the field equations to yield the Tolman-Oppenheimer-Volkoff equations:
where M (r) is defined by
Outside a star, M (r) becomes a constant M * , which corresponds to the NS ADM mass. One needs to solve Eqs. (18)- (20), together with a barotropic EoS, p = p(ρ). The interior solution is obtained by imposing regularity at the NS center with a choice of central density ρ c . The NS surface is defined to be where the pressure vanishes, i.e. p(R * ) = 0 where R * is the NS radius. The exterior solution is obtained by imposing asymptotic flatness at spatial infinity. The integration constants are then determined by matching the interior and exterior solutions at the NS surface. We consider four realistic EoSs for NSs: APR [71] , SLy [72] , Lattimer and Swesty with nuclear incompressibility of 220MeV (LS220) [73] and Shen [74, 75] . For the latter two EoSs, we impose the neutrino-less and beta-equilibrium condition with the NS temperature of 0.1MeV. We also consider three EoSs for QSs: SQM1, SQM2 and SQM3 [76] . The EoSs mentioned above are shown in Fig. 3 . For comparison, we also consider polytropic EoSs given by
where K and n are an amplitude constant and a polytropic index, respectively. The left panel of Fig. 4 shows the mass-radius relations for various EoSs. For a reference, we show a lower bound mass of a pulsar PSR J0348+0432 [77] . The right panel of Fig. 4 shows the mass-compactness (C ≡ M * /R * ) relation.
B. Perturbations
Let us now consider perturbations to the spherically symmetric NS solution constructed in Sec. III A. Thanks to the background symmetry, the angular sector of perturbations can be decomposed using (tensor) spherical harmonics. We restrict ourselves to stationary perturbations. 
Electric-Type
Let us first consider even-parity perturbations. The metric perturbation in the Regge-Wheeler gauge can be expressed as [78] [79] [80] 
while the matter perturbation is given by [78] 
By plugging these perturbed quantities into the field equations and the stress-energy conservation equations, one finds
which means that we are only left with two perturbation parameters, H and K . One can further use the perturbed field equations to eliminate K , which then leaves us with the master equation as [80] 
One first solves the above differential equation with an initial condition H (r) ∝ r , where we have imposed regularity at the NS center and the constant of proportionality is irrelevant in further calculations of the tidal deformabilities. On the other hand, the exterior solution is obtained as
where x ≡ r/M * − 1 andP 2 (x) andQ 2 (x) are the normalized associated Legendre functions of the first and second kinds respectively, withP 2 (x) ∼ x and Q 2 (x) ∼ x −( +1) for x → ∞. a P and a Q are constants whose ratio is to be determined by matching the logarithmic derivative of the interior and exterior solutions,
at the NS surface 5 , which yields
where denotes the derivative with respect to x, x c ≡ C −1 − 1 and we recall that C is the NS compactness. One can show that a λ is related toλ by [2] λ = a
In Fig. 5 , we plotλ 2 andλ 3 against the compactness C for various EoSs. Similar relation holds forλ 4 . Observe that the NS relations vary from one EoS to another, while the QS relations are almost identical among the EoS considered here. Also, notice that the QS relations are similar to that of the n = 0 polytrope for C < 0.2. Since the outer layer of a QS behaves as a constant density (n = 0 polytropic) star, this figure shows an evidence that the tidal deformabilities are most sensitive to the star's outer layer, as discussed in [51, 52] . We also show the Newtonian relations for the n = 1 and n = 0 polytropes. Observe that the QS relations are similar to those for the n = 0 polytrope for C < 0.2, which indicates that tidal deformabilities are most sensitive to the star's outer layer.
Let us now deriveλ in the Newtonian limit for the n = 1 and n = 0 polytropes. Eqs. (29) and (33) in this limit becomes
respectively. For the n = 1 polytropes, the solution that is regular at the NS center is given by Bessel functions as 6 H N ,(n=1) ∝ R * /rJ +1/2 (πr/R * ). From this solution, one can calculate y λ in the Newtonian limit and by plugging it into Eq. (35), one obtainsλ for = 2, 3, 4 in 6 There is a typo in [15, 52] .
the Newtonian limit as
For the n = 0 polytropes,λ in the Newtonian limit is given by [2] 
These Newtonian relations are shown as black dotteddashed (n = 1) and dashed (n = 0) lines in Fig. 5 . Notice that the relativistic relations for such polytropes approach the Newtonian lines as one decreases C.
Magnetic-Type
Next, we consider magnetic-type tidal perturbations. The odd-parity metric stationary perturbation is given by [78] 
The matter stress-energy tensor is perturbed only through the metric. The master equation is obtained as [81, 82] 
where the master variable h (r) is defined by
One can follow a similar procedure to Sec. III B 1 to calculateσ [2] . One first needs to solve Eq. (41) in the NS interior with the initial condition given by h ∝ r +1 , where we have imposed regularity at the NS center. Again, the constant of proportionality is irrelevant. For the exterior solution, the asymptotic behavior of the two independent solutions at spatial infinity is given bŷ h P (r) ∼r +1 andĥ Q (r) ∼r − , wherer ≡ r/M * . In particular, for = 2, the exterior solutions are given byĥ 
where, again, the ratio of the coefficients b P and b Q are determined by matching y σ (r) ≡ (r/h )(dh /dr) at the NS surface, which yields
One can show thatσ is obtained from b via [2] 
In Fig. 6 , we plotσ 2 against C for various EoSs. Next, let us deriveσ 2 in the Newtonian limit [2] . Eqs. (41) and (45) in this limit are given by
respectively. Since Eq. (46) does not depend on p nor ρ, the solution that is regular at the NS center has the form h N ∝ r +1 both the NS interior and exterior, which means that b Q = 0, leading toσ N = 0. This is consistent with the fact that there is no Newtonian analogue for the magnetic-type tidal deformabilities. Going to 1PN order, one finds [2] 
where the first and second terms correspond to the Newtonian and 1PN terms, respectively. In particular,σ 2 to 1PN order is given bȳ
For the n = 1 and n = 0 polytropes,σ
respectively. These relations at 1PN order are also shown in Fig. 6 .
Shape
Finally, we will calculate the shape tidal deformabilityη . From the fact the the logarithmic enthalpȳ h ≡ p 0 dp/(ρ + p) vanishes at the NS surface and using Eqs. (20) and (28), one finds [2] δR
In the Regge-Wheeler gauge, K (R * ) can be obtained from a linear combination of H (R * ) and H (R * ) as [80] 
with
By substituting Eq. (53) into Eq. (52) and using Eq. (31), one obtains
Following [2] , we define the -th component of the disturbing potential U (R * ) to be the leading asymptotically growing part in −H /2 at r = R * , i.e.
Rewriting a P and a Q in terms of U and a ≡ a Q /a P using the above equation, one finds
From Eqs. (13), (56) and (57), one finally obtains
where we used Eqs. (32) and (33) to rewrite y λ (R * ) in terms ofλ . In the Newtonian limit, one finds Figure 7 showsη 2 andη 3 against C for various EoSs, together with the Newtonian lines for the n = 1 and the n = 0 polytropes. Similar relation holds forη 4 . Notice that NS and QS curves almost lie on top of each other. This is different from theλ -C andσ -C relations shown in Figs. 5 and 6. Figure 7 already indicates that the universal relations exist amongη , which we will discuss next. 
IV. UNIVERSAL RELATIONS
In this section, we first plotλ ,σ andη calculated in the previous section against each other to show the universal relations. Next, we carry out an analytic analysis to show that the universal relation roughly holds for the n = 1 and n = 0 polytropes in the Newtonian limit.
The top panels of Figs. 8 and 9 show the universal λ 3 -λ 2 ,λ 4 -λ 2 andσ 2 -λ 2 relations for NSs (red) and QSs (green) with various realistic EoSs. We also show the relations for the n = 1 (blue) and n = 0 (black) polytropes. We show the NS mass for the APR EoS on the top axis as a reference. The single parameter that characterizes the curves is the mass or compactness. One sees that the relations do not depend strongly on the EoS. We construct a fitting function (including only the realistic EoSs) of the form
where the fitted coefficients are shown in Table I . To include the accuracy of the fit, we construct the NS and QS fit separately. The fitted curves are shown as solid ones in each top panel of the figures. In the bottom panels, we show a fractional difference between the numerical and the fitted values. One sees that the universality holds to O(1)-O(10)%. Among the EoSs considered here, the QS relations are tighter than those for NSs. Observe that as one increases the compactness, both the NS and QS branches approach the black hole (BH) limit [2, 3, 6, 83, 84] ,λ BH = 0 =σ BH . Observe also that the NS relations are similar to that of the n = 1 polytrope, while those for QSs are similar to that of the n = 0 polytrope. The latter is expected since the outer layer of a QS behaves as a constant density star.
The top panels of Fig. 10 shows the universalη 3 -η 2 andη 4 -η 2 relations. We again construct fitting functions given in Eq. (61) with the coefficients shown in Table I . The fractional difference between the numerical and fitted values are shown in the bottom panel of Fig. 10 . The BH shape Love numbers are calculated in [85] , which then leads to the BH shape tidal deformabilities as
where we used C BH = 1/2. In particular,η Fig. 10 . Observe that the universal relations approach the BH limit as one increases the compactness.
Next, we follow [52] and we derive analytic relations for the n = 1 and the n = 0 polytropes in the Newtonian limit. From Eqs. (36)- (39), (50), (51) and (60), one derivesλ 
FIG. 8. (Color online) (Top)
Universalλ3-λ2 (left) andλ4-λ2 (right) relations for NSs (red) and QSs (green) with various realistic EoSs. We also show the relations with the n = 1 (blue) and n = 0 (black) polytropes, together with their Newtonian limit. The single parameter along the curves is the mass or compactness. We construct fitting formulas for NSs and QSs with the realistic EoSs given by Eq. (61), which are shown with solid curves. As a reference, we show the NS mass for the APR EoS on the top axis. (Bottom) Fractional difference of each curve to the fitting formulas. where the coefficients for the n = 1 polytropes are given by
and the ones for the n = 0 polytropes are given by 
These analytic results in the Newtonian limit are shown in Figs. 8, 9 and 10 as the dotted-dashed (the n = 1 polytropes) and dashed (the n = 0 polytropes) curves respectively. Observe that the numerical values approach such Newtonian curves as one decreases the compactness. Interestingly, the Newtonian relations for the shape tidal deformabilities serve as a good approximation even for high compactness stars. By taking the ratio between the coefficients of the n = 0 and the n = 1 polytropes, one finds
If the universality between the n = 1 and the n = 0 polytropes in the Newtonian limit holds exactly, the ratio of the coefficients becomes unity. One sees that the deviation from the universality between these two EoSs in the limit is to 20-45%. Therefore, the universality is not as good as the one for the I-Love-Q relations, where the deviation from the universality between the two EoSs has been shown to be less than 1% [52] . From Figs. 8, 9 and 10, one sees that the universality holds better among the realistic EoSs.
V. APPLICATIONS TO GRAVITATIONAL-WAVE PHYSICS
In this section, we show how the universal relations found in this paper bring about benefits to GW parameter estimation. For simplicity, we consider non-spinning NS binaries with masses m 1 and m 2 in a circular orbit 7 .
A. Gravitational Waveform Phase
In this subsection, we show how tidal deformabilities enter in the gravitational waveform phase. Let us denote the gravitational waveform h(t) in the time domain as
where A(t) and φ(t) are the amplitude and the phase, respectively. One can express the waveformh(f ) in the Fourier domain as
where, again, A(f ) and Ψ(f ) are the amplitude and phase, respectively. To the leading PN order, the skyaveraged amplitude is given by [62] A where D L is the luminosity distance and M ≡ mη 3/5 is the chirp mass with the total mass m ≡ m 1 + m 2 and the symmetric mass ratio η ≡ m 1 m 2 /m 2 . Ψ(f ) can be divided into a contribution from the point particle limit Ψ PP and the one from the finite size effect, Ψ FS . To full order in η, Ψ PP (f ) is known analytically up to 3.5PN order (up to n = 7) [87] .
Next, let us focus on Ψ FS (f ). We first estimate the PN order of the electric-type tidal correction. Two types of tidal corrections to the point-particle phase exist, namely (i) conservative and (ii) dissipative. Let us first look at the former. The radial acceleration in the binary system aλ r due to the tidally-induced -th mass multipole
where r 12 is the separation between body 1 and 2. Comparing this to the leading Newtonian point-particle acceleration, a 
Here, v is the orbital velocity of the binary constituent and we have used the Kepler's Law, r
On the other hand, one can derive the tidal dissipative correction by calculating corrections to the energy flux. The energy flux due to the tidally-induced -th mass multipole moment is given bẏ
where ω(∝ v 3 ) is the orbital angular velocity and M B L ∝ r 12 is the -th binary mass multipole moment. Comparing this to the leading quadrupole point-particle emission [62] ,Ė PP ∝ v 10 , one findṡ
Therefore, the conservative and dissipative tidal corrections become comparable in the PN sense for = 2, and the former dominates the latter for > 2. The electrictype tidal correction is of (2 + 1)PN order relative to the leading Newtonian. Next, we estimate the PN order of the magnetic-type tidal correction. For non-spinning binaries, the magnetictype tidal correction to the radial acceleration does not exist [88] . On the other hand, the magnetic-type tidal correction to the energy flux is given bẏ 
Therefore, the magnetic-type tidal correction is of (3 )PN order relative to the leading Newtonian. The leading finite size effect enters at 5PN order relative to the Newtonian term due to a contribution from λ 2 [18] , while the one fromλ 3 enters at 7PN order [16, 18] . Extending these results, we derive the leading finite size effect fromλ on the gravitational waveform phase as
where x ≡ (πmf ) 2/3 , A, B = 1, 2 with A = B, and X A = m A /m. (See Appendix A 1 for the derivation.) The first and second terms correspond to the conservative and dissipative contributions respectively. We have checked that the above formula agrees with the previous results for the = 2 and = 3 cases mentioned above. The leading 6PN effect due to the contribution fromσ 2 is given by
. (93) (See Appendix A 2 for the derivation.) Notice that the leading term in Ψσ 2 vanishes for an equal-mass binary (X 1 = X 2 ). Therefore, the total finite-size effect Ψ FS (f ) can be written as
The first six ψλ can be read off from Eqs. (92) and (93) respectively.
B. Useful Number of GW Cycles
Let us now consider the useful number of GW cycles [58] of each term in the phase. The optimal SNR ρ is defined by
where the inner product (A|B) is defined by
withÃ andB corresponding to the Fourier transform of A and B respectively. S n (f ) is the spectral noise density shown in Fig. 11 for (zero-detuned) Adv. LIGO [89] , LIGO III [59] and ET-B [61]. The fitting formulas of the noise curve for Adv. LIGO and ET-B are given in Ref. [90] and Refs. [91, 92] respectively. The one for LIGO III is provided in Appendix C. f min and f max in the above equation are the minimum and maximum cutoff frequencies respectively. We set f min = 10 Hz for Adv. LIGO and LIGO III while f min = 1 Hz for ET-B, and f max = min(f ISCO , f cont ). Here, f ISCO ≡ (6 3/2 πm) −1 is the frequency at the innermost-stable circular orbit (ISCO) of a point-particle in Schwarzschild spacetime and f cont is the approximate frequency at contact given by f cont = m/(R * ,1 + R * ,2 ) 3 /π. f cont for the SLy and Shen EoSs, together with f ISCO are shown in Fig. 12 . The total number of GW cycles N is defined by [93] 
where the instantaneous number of GW cycles
is defined by
Here we recall that φ(t) is the GW phase defined in Eq. (83) and we usedφ = 2πf .ḟ is calculated from
However, a more useful quantity would be the one that accounts for the weight of the detector noise. In other words, the only cycles that would be useful are those that contribute most to the SNR. Following [58] , we define the useful number of GW cycles N useful as
where w(f ) is defined as
We remind the reader that A(t) is the GW amplitude defined in Eq. (83) . t is given in terms of f to leading PN order as [62] t(f ) = t c − 5M −5/3 (8πf ) −8/3 with t c representing the time of coalescence.
Figures 13, 14 and 15 show useful number of GW cycles of each finite-size term in the GW phase against a NS mass for the SLy (left) and Shen (right) EoSs with Adv LIGO, LIGO-III and ET-B. We assumed equalmass, non-spinning NS/NS binaries when calculating the plot. We have checked that the useful number of GW cycles for the APR and LS220 EoSs lie in between the SLy and Shen ones shown in the plots. The contribution from σ 2 is not shown in the plot since the leading contribution ofσ 2 in GW phase vanishes for an equal-mass binary. For a reference, we show 1/ρ at the luminosity distance of D L = 100 Mpc with black dashed curves. Roughly speaking, any terms inḟ [or equivalently, Ψ(f )] whose useful number of GW cycles are above the 1/ρ curve would affect GW parameter estimation. Since the useful number of GW cycles are normalized as in Eq. (99), it reflects the shape of the noise curve but not the overall magnitude. Figures 13 and 14 show that the useful number of GW cycles for Adv. LIGO and LIGO-III are similar, since the shape of the noise curves is similar. On the other hand, the ET-B curves in Fig. 15 have values smaller than those for Adv. LIGO and LIGO-III. This is because the latter shape is broader, and hence are more sensitive on the high-frequency region. Now, let us focus on N useful from the tidal contribution. One also sees that N useful decreases as one increases the NS mass. This is because the NS compactness decreases as one increases the NS mass, which then decreasesλ . Figures 13, 14 and 15 show thatλ 3 is important in performing parameter estimation for LIGO III and ET-B. In this case, the universalλ 3 -λ 2 relation helps in expressingλ 3 in terms ofλ 2 , which reduces the number of parameters and breaks the degeneracy between the tidal parameters.
C. Parameter Estimation
We will next show the importance and the impact of using the universal relations found in this paper on a parameter estimation. The statistical error of parameters θ i can be estimated by [62, 94, 95] 
where Γ ij is the Fisher matrix defined by
with ∂ i ≡ ∂/∂θ i and the inner product is define by Eq. (96).
As we explained in Sec. V A, the GW phase can be decomposed into the point-particle and finite-size parts. For the former, we keep up to 3.5PN order. Higher PN terms can give non-negligible systematic errors as shown in [34, 35] , but we here focus on the statistical errors on tidal deformabilities and have checked that the inclusion of the such terms to leading order in the mass ratio does not affect the statistical errors. For the latter phase, we keep the first six terms (up to 7.5PN) that depend on λ 2 and the leading term ofλ 3 . We define the averaged dimensionless -th electric tidal deformabilityλ ,s and its differenceλ ,a as [52] λ ,s ≡λ 1 +λ
whereλ A denotesλ of the A-th body. Notice thatλ ,s = λ 1 =λ 2 andλ ,a = 0 for an equal-mass binary. Then, the terms that depend onλ 2 andλ 3 in the phase can be expressed as In this subsection, we assume equal-mass NS binaries with a circular orbit and neglect the effect ofλ ,a . Therefore, we have seven parameters in total:
For fiducial signal values, we set η = 1/4, t c = 0 = φ c , D L = 100Mpc and vary M * (= m 1 = m 2 ). Figure 2 shows the statistical errors on lnλ 2,s against M * with and without using the universal relations for LIGO III and ET-B with the SLy and Shen EoSs. Sincē λ ,s =λ A for an equal-mass binary, one can use theλ 3 -λ 2 relation found in the previous section as theλ 3,s -λ 2,s relation. When calculating the one with the universal relations, we do not includeλ 3,s into parameters since one can express them in terms ofλ 2,s . For the parameter estimation without using the universal relations, we includeλ 3,s into parameters. One sees that the measurement accuracy increases by a factor of 5 if one uses the relation, essentially reducing the statistical errors to the level whereλ 3,s is not taken into account 8 . In the 
D. Unequal-Mass Systems
Now, let us relax the assumption that m 1 = m 2 and consider GWs from unequal-mass binaries. For such binaries, in principle, one needs to account for bothλ 2,s andλ 2,a in the model tidal parameters. However, this will produce a strong correlation between these two tidal parameters and will deteriorate the measurement accuracy ofλ 2,s compared to the equal-mass case. Therefore, we first ask the following question: Up to what mass difference can one safely neglect the contribution ofλ 2,a ? (Color online) Useful number of GW cycles for terms proportional toλ2,a in the GW phase against ∆m ≡ m1 − m2, where we set the averaged mass to m/2 = 1.4M . We consider using Adv. LIGO (red), LIGO III (green) and ET-B (blue) with the SLy (dotted) and Shen (dotted-dashed) EoSs. As a reference, we plot 1/ρ for a NS binary at DL = 100Mpc for each all detectors. Observe that N useful is below the threshold 1/ρ if ∆m < 0.2M , ∆m < 0.1M and ∆m < 0.07M for Adv. LIGO, LIGO III and ET-B respectively.
We can answer this question by calculating the useful number of GW cycles of terms that are proportional tō λ 2,a in the GW phase, which we present in Fig. 16 . Here, we set the averaged mass to m/2 = 1.4M and plot N useful against ∆m = m 1 − m 2 for Adv. LIGO (red), LIGO III (green) and ET-B (blue) with the SLy (dotted) and Shen (dotted-dashed) EoSs. For reference, we also plot 1/ρ for each detector, assuming that the source is at D L = 100Mpc. Again,λ 2,a would affect parameter estimation if N useful is above the threshold 1/ρ. One sees thatλ 2,a has a larger effect with the Shen EoS than the SLy one (if one fixes ∆m). Figure 16 shows that for Adv. LIGO, one does not need to takeλ 2,a into account if ∆m < 0.2M for m/2 = 1.4M . For LIGO III and ET-B, the allowed range on ∆m reduces to ∆m < 0.1M and ∆m < 0.07M respectively.
For an unequal-mass system, one might wonder if one is still allowed to use the universalλ 3 -λ 2 relation found in this paper that reduces to the universalλ 3,s -λ 2,s relation in the equal-mass case. The top panel of Fig. 17 presents theλ 3,s -λ 2,s relation for both ∆m = 0 and ∆m = 0.1M . For reference, we show the fit with the black solid curve obtained for equal-mass binaries. On the bottom panel, we show the fractional difference between each curve and the fit. One sees that although the fractional difference becomes larger for unequal-mass binaries, the fit for equal-mass binaries is still valid to O(5)% accuracy in the parameter range shown in the figure, even when ∆m = 0.1M . This shows that for binaries whereλ 2,a can safely be neglected, one can still use theλ 3 -λ 2 relation as theλ 3,s -λ 2,s one.
Finally, let us here discuss howσ 2 would contribute to nearly equal-mass binaries. We first take the ratio of ψσ 2 6 and ψλ 2 6 (which both give a 6PN term contribution to the phase relative to the point-particle Newtonian), 
where
/m] and we used |σ 2 | ∼λ 2 , as can be seen in Fig. 9 . This shows that for nearly equal-mass binaries, the leadingσ 2 contribution on N useful is O(10 5 ) times smaller than the contribution from the 6PNλ 2 contribution. Therefore, one can safely neglect the contribution fromσ 2 when performing parameter estimation.
VI. CONCLUSIONS AND DISCUSSIONS
Similar to the I-Love-Q relations [51, 52] , we found new universal relations among the electric, magnetic and shape dimensionless tidal deformabilities of NSs and QSs that do not depend strongly on the EoS. Especially, the QS tidal deformabilities (except for the = 2 electric tidal one [16, 17] ) have been calculated for the first time.
Such universal relations are especially useful to GW physics since they allow us to reduce the number of tidal parameters that are needed to be fitted via matched filtering. First, we derive the leading contribution ofλ andσ 2 to the GW phase from a NS binary inspiral and found that they enter at 2 + 1 and 6 PN orders, respectively. We next calculated the useful number of GW cycles of each finite-size terms in the phase and showed that, for LIGO III and ET-B, one needs to takeλ 3,s into account as well asλ 2,s for parameter estimation. As recommended in [25] , it would be better to include such higher multipolar tidal deformabilities when analyzing real GW data.
We then estimated the statistical errors on lnλ 2,s using a Fisher analysis, where we include bothλ 2,s andλ 3,s into the model tidal parameters. By using the universal λ 3 -λ 2 relation, one can break the degeneracy between λ 2,s andλ 3,s , and improves the measurement accuracy of lnλ 2,s by a factor of 5, which essentially reduces to the one where onlyλ 2,s is included into the model tidal parameters. The use of the universal relation is limited by the systematic error due to the fit. We have checked that the statistical errors on lnλ 2,s are larger than the systematic error from the fit. However, such systematic errors can become larger just before merger, where the adiabatic approximation breaks down and one needs to consider dynamical tides instead [54] .
Since the tidal deformability parameters are different for the two binary constituents, in principle, one needs to account for two = 2 electric tidal parameters. In this paper, we usedλ 2,s andλ 2,a to parameterize this dependence. We estimated the useful number of GW cycles forλ 2,a and, comparing this to the 1/ρ threshold for a source at D L = 100Mpc, we found that one can safely neglectλ 2,a for GW parameter estimation with Adv. LIGO if ∆m < 0.2M and an averaged mass m/2 = 1.4M . We also showed that theλ 3,s -λ 2,s relation can still be valid for unequal-mass binaries to O(5)% accuracy for ∆m < 0.1M . Althoughλ 2,s andλ 2,a have a clear physical meaning, a better choice of parameters may exist for parameter estimation. One possible choice is the one made in [34] , where one takes the primary tidal parameter to be the one that enters at 5PN order (and such parameter agrees with the individual tidal parameter for an equal-mass binary). Then, unlikeλ 2,a that also enters at 5PN order, the other parameter (which vanishes for an equal-mass binary) enters only at 6PN order. This means that the systematic error due to not including this second parameter for nearly equal-mass system becomes smaller than that discussed in this paper.
We checked that the statistical errors on lnλ 3,s with Adv. LIGO, LIGO III and ET-B are all above unity, which means that the detectors considered here are not sensitive enough to actually measure lnλ 3,s . This is because a strong correlation exists betweenλ 2 andλ 3 . However, they can still place an upper bound, which allows us to perform a model-independent and EoSindependent test of GR, similar to the one explained in [51, 52] . Namely, one can draw an error box around a measured central value in theλ 2 -λ 3 plane. One can rule out any coupling constants in modified gravity theories that do not produce the curve in this plane that goes through the error box. Such a possibility is worth looking at in future, together with the calculation of the tidal deformabilities in theories other than GR [51, 52, 96] .
In this paper, we focused on GWs from non-spinning NS/NS binary inspirals in quasi-circular orbits. As discussed in [34] , the systematic errors on lnλ 2,s due to not including the NS's spins and eccentricities are negligible compared to the statistical errors. On the other hand, the systematic errors due to not including higher PN terms can be important, as showed in [34, 35] .
Although we found thatλ 3,s can be important for parameter estimation with third-generation GW detectors, other unknown tidal terms in the GW phase can also be important. For example, the 7PN tidal term has not been calculated completely yet. One may expect that the unknown 7PN tidal terms will be smaller than the known lower-order terms [25] . However, this does not mean that such unknown terms will be unimportant in GW parameter estimation. The useful number of GW cycles of such unknown terms can be larger than those ofλ 3,s . It is important to estimate the unknown tidal terms in the GW phase that depend onλ 2 to sufficiently high PN order.
A parameter estimation study for spinning NS binaries, using not only the Fisher but also a Bayesian analyses, shall be discussed elsewhere [86] . It is important to estimate tidal deformability parameters for spinning NSs. Although the linear tidal parameters defined in Eq. (8) are the most generic ones for non-spinning NSs, one needs to introduce other tidal parameters for spinning NSs that would mix the electric and magnetic contributions [2] . Similarly, it would be interesting to investigate how magnetic fields would affect tidal deformabilities. One might be able to tackle these problems perturbatively, assuming either the spins or magnetic fields are small.
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where we used the modified Kepler's Law. With these conservative and dissipative tidal corrections at hand, one can calculate the correction to the gravitational waveform phase in the Fourier domain from the relation [100] 
One recovers Eq. (92) by taking the correction part of the above equation, changing the index of body 1 to body 2, and linearly combining the two parts together.
The = 2 Magnetic Tidal Deformability
One can obtain Ψσ 2 (f ) in a similar manner to Sec. A 1. As we discuss in Sec. V A, there is no magnetic-type tidal conservative correction for non-spinning binaries. For the dissipative correction, one needs the total current quadrupole moment, which is given by
where X A = m A /m. ψλ (Color online) Noise spectral density for LIGO III [59] . We compare the fit (red solid) with the data (green dotted).
up to n = 13 [25] . At n = 14, some missing terms (denoted by "· · · ") exist but the order of magnitude estimate shows that they are subdominant [25] . n = 15 contribution comes from the tail effect [25] .
In [16] , it reads that the tidal effect proportional to (λ 2 ) 2 enters at 7.5PN order in the gravitational wave phase, but this is a typo and such an effect enters at 10PN order. The terms proportional to (λ 2 ) 2 in Eqs. (A2), (A3) and (A4) of [16] need to be multiplied by a factor of 2, and the one in Eq. (A5) of [16] should read +(9/64η)X 
